Quantum logic gates with controllable and selective interaction for superconducting 

charge qubits via a nanomechanical resonator 
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In this paper, we propose a scheme to implement two-qubit logic gates with a controllable and 
selective interaction in a scalable superconducting circuit of charge qubits. A nanomechanical res- 
onator is used as a data bus to connect qubits. It is indicated that a controllable interaction between 
qubits can be obtained by making use of the data bus. It is shown that a selective interaction between 
qubits can be realized when many qubits are involved in the system under our consideration. 
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Recently, much attention has been paid to super- 
conducting quantum circuits (SQCs) due to their po- 
tential applications in quantum information processing 
[J, H, E|. In SQCs there are usually three types of 
ubits, i.e., charge qubits [1, H, [E H , M , phase qubits 

M tH Ei El , and dux qubits T3EE Efl E3, EE El • 

As solid systems, SQCs have the advantage of being able 
to be integrated to a large scale. 

In order to realize quantum computation, one need a 
universal quantum logic gate set which consists of single- 
qubit rotation operations and a two-qubit logic gate [201 ] . 
Single-qubit rotation operations are easy to be realized 
while two-qubit logic gates are complex to be imple- 
mented since it is difficult to obtain interaction between 
two qubits. Consequently, how to implement a two-qubit 
logic gate becomes an important and challenging topic in 
implementing quantum computation. Currently, for su- 
perconducting systems there are two conceptually differ- 
ent methods to obtain interaction between qubits. One is 
to employ direct interaction between two qubits through 
connecting them with capacitors, Josephson junctions, 
and dc-SQUID @, i, M, SI . In this method, we only 
obtain the nearest neighbor interaction between qubits. 
Thus we can not couple selectively any two qubits in a 
large qubit network. The other method is to obtain ef- 
fective interaction between two qubi ts by coupling them 
to a boson mode called data bus [H, HEEE H3, [28| . The 
second method can selectively couple any two qubits in 
a large qubit network. In practice, selective and control- 
lable interaction between two qubits is expected in imple- 
menting quantum computation [2^, [3(| • Recently, some 
experiments have demonstrated interaction between two 
superconducting qubits [U [H, [H, [H, [35[ . It should be 
mentioned that, however, in these experiments the inter- 
actions between two qubits are only controllable but not 
selective. In this letter, we propose a SQC scheme to 
implement two-qubit logic gates with a controllable and 
selective interaction. In our scheme, we introduce a new 



typ e of data bus: a nanomechanical resonator (NAMR) 
[IE H?! ■ We show that a controllable interaction between 
qubits can be obtained by making use of the data bus, 
and a selective interaction between qubits can be realized 
when many qubits are involved. 

The system under our consideration consists of two su- 
perconducting cooper-pair box (CPB) qubits fabricated 
by inserting a superconducting loop by two identical 
Josephson junctions as shown in Fig. 1. The two su- 
perconducting loops share a common circuit in which an 
NAMR is built. Two gate voltage sources V gi and V g2 
are used to control the two CPBs through correspond- 
ing gate capacitors. Moreover, the two CPBs can also 
be manipulated via external magnetic fluxes threading 
the loops. The physical mechanism of the interaction 
between the two CPBs can be explained as follows. The 
vibration of the NAMR changes the effective areas of two 
loops and the magnetic fluxes in the loops [IE H§| ■ When 
the area of the first loop increases (decreases), the area 
of the second loop decreases (increases). This correla- 
tive relation between the areas of two loops leads to an 
effective interaction between two qubits. 



CPB1 



NAMR 



CPB2 

FIG. 1: Schematic diagram of the system of two CPBs cou- 
pled with an NAMR. Here V g k and 3> e fc are gate voltages and 
external biasing fluxes, respectively. 
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The Hamiltonian of the total system [l[ can be written 



2 



becomes 



H= utfb + Y,2E C k(2N gk -l)a z 



fe=i 



fc=l 



(1) 



where uo is the flexural-mode frequency of the NAMR 
denoted by operators b and . $ = h/2e and 
are the flux quanta and bias flux of fcth CPB, respec- 
tively. The single-electron charging energy is given by 
E c k = e 2 /[2(2C Jk + Cg k )} where C Jk and C gk arc the 
capacitance of each Josephson junction and the gate ca- 
pacitance in the CPB k, respectively. The gate charge 
number is given by N gk — C g kV g k/2e with V g k being 
gate voltage of fcth CPB. The gate charge number can 
be controlled through the gate voltage. The Pauli oper- 
ators used in Eq. (TTJ) arc defined by 



°*k = |0)fc(0| fc -|l) fc (l| fc , 
o xk = |0)fc<l| fc + |l) fc (0| fc , 



(2) 



where CPB's charge states |0)/- and |l)fc correspond to 
zero and one extra cooper-pair on the inland, respec- 
tively. Consistent with Fig. 1, we denote the upper and 
nether CPBs with indexes 1 and 2, respectively. We set 
ft, = 1 throughout this paper. 

The external magnetic fluxes in fcth loop (38l . [39j can 
be expressed as the sum of two terms, 



$ek = * 



bk 



(-l) k BLx, 



(3) 



where the first term is the external magnetic fluxes 
in loop k when the NAMR does not vibrate while the 
second term describes contribution from the vibration of 
the NAMR with B being the magnetic field biasing on the 
two loops, L the effective length, and x the displacement 
of the NAMR. Assume that the mass of the NAMR is 
m and then we can write the displacement as x — (w + 
6)/v2mw. 

By substituting Eq. ([3|) into Eq. (fTJ), we reduce the 
expression of Eq. {1} to the following form, 



H = 



^b + J2^E ck (2N gk -l)a zk 



fc=i 



-^Ejk 



k=l 



$ 6A A / BLx\ 

COS I 7T— — I cos 
$0 



$bfc 



-(-l)*Bin(7r-^)Bin(7r 



BLx" 
$ 



&xk- 



(4) 



It is straightforward to see that by controlling the bi- 
asing fluxes we can choose the sine or cosine parts in 
the Hamiltonian given by Eq. Q. In particular, when 
sin(7r$f,/c/^o) = 1, the Hamiltonian given by Eq. 



H = utfb + J2 2E ck {2N gk - l)a zk 

i=i 

+ V(-l) fc £ /fc sin (n^-) a xk , (5) 

which can be reduced to the following form by expanding 
the sine function up to first-order in x, 

2 

H = utfb + ]T [y^ fe + (-l) k g k ft + b)a xk ] , (6) 

k=l 

where the effective energy separation and the coupling 
constant are given by 



u k = 4E ck (2N gk - 1), g k = Ej k7 rBL/($ V2^>). (7) 

The Hamiltonian ^ is well known in quantum optics 
since it is the same as the Hamiltonian of two two-level 
atoms interacting with a cavity field. Differently, the 
effective atomic energy separation in the present model 
can be controlled by tuning the gate voltage. For coher- 
ent manipulation of two interacting systems, one hopes 
to obtain a controllable interaction between the two sys- 
tems. However, the coupling constant g k in Eq. (J6j> is 
fixed for a given system, we can not turn on or off the 
coupling between the two CPBs and the NAMR on de- 
mand. In our present system, fortunately, we can obtain 
a controllable coupling between the two CPBs and the 
NAMR by replacing every Josephson junction in Fig. 1 
by a SQUID-based superconducting loop Every loop 
contains two Josephson junctions with the same Joseph- 
son energy E° Jk . For fcth CPB, there are three loops, left 
small one, right small one and middle big one. We as- 
sume that the fluxes $i k and Q rk which bias respectively 
on left and right small loops have the same magnitude 
but opposite sign, i.e., = — & rk = & xk . The coupling 
constant between fcth CPB and the NAMR becomes 



g' k = 2E° Jk cos(7r$ ;cfe /$ )7rBL/($o\/2^), (8) 

which implies that we can control the coupling between 
the CPBs and the NAMR by tuning these biasing fluxes. 

For realizing quantum computation, a set of univer- 
sal quantum logic gates is necessary. A set of universal 
quantum logic gates consists of single-qubit logic opera- 
tion and a nontrivial two-qubit logic gate such as CNOT 
and CP gate. In what follows we will show how to imple- 
ment two-qubit logic gates between the two CPBs. From 
the Hamiltonian (|6|), we control the external fluxes and 
gate voltages such that only one fcth CPB couples to the 
NAMR, the Hamiltonian becomes 



H, 



utfb+(-l) k g' k {b + tf)a xk . 



(9) 



In the interaction picture with respect to H = uiwb, 
the Hamiltonian given by Eq. © is transformed to the 
following expression, 

H' k {tk) = (-l) k g' k (be-^ + &V^K fe , (10) 



3 



which leads to a unitary evolution operator, 



U(t k ) = T exp 



-i l dsH' k (s) 
o 



(11) 



where T is the time-ordering operator. Up to a triv- 
ial phase factor this unitary evolution operator can be 
written as [40| 



V(a k a xk ) = exp[&t a k a xk - ba* k a xk ], 



(12) 



where we have introduced the coupling parameter be- 
tween fcth qubit and the NAMR 



a k = {-lfg' k (1 



(13) 



which can be controlled with external flux <& xk and evo- 
lution time t k . 

In what follows we show how to realize two-qubit gate 
by using the unitary evolution given by Eq. (12]). We 
note that the evolution operator given by Eq. (TT2"|) is 
a controlled displacement operator [41] , which can pro- 
duce a displacement of the NAMR, conditioned on eigen- 
states of the operator a xk . It has been shown that, using 
the proper controlled-displacement operators we can im- 
plement two-qubit gates. The sequence of operations is 
arranged as follows, 



U(ai,a 2 ) = V{a 2 a x2 ) (g>V(ai<7 xl )V(-a 2 (r x2 ) 

-OLia x i), 



which can be written as 



U(oti,a 2 ) = exp[i0a- x i(x x2 ], 
where the effective coupling constant 

9 = 2|ai||a 2 | sm(ip 2 - <fx) 



(14) 



(15) 



(16) 



with a k = \a k \e lVk . Because the coupling constant is a 
function of a k , according to the expressions of a k and 
g' k we can see that it is possible to control this coupling 
constant by tuning the external fluxes & xk and control- 
ling the evolution times t k . Choosing proper parameters 
such that 9 — 7r/4, the operator given by Eq. (fl~5l) is 
equivalent to a nontrivial two-qubit gate [42j, |43| . H4 






FIG. 2: Schematic diagram of a multi-qubit superconducting 
circuit in which N qubits couple with an NAMR. 



In practice, for performing a certain quantum com- 
putation mission, we need to operate many qubits dur- 
ing the operation process. Hence how to integrate the 
present model to multi-qubit circuit and how to obtain 
selective and controllable two-qubit logic gates are main 
missions. Fortunately, the integration of multi-qubit cir- 
cuits is straightforward. We plot the schematic diagram 
of our arrangement in Fig. 2. The coupling of the Joseph- 
son charge qubit k with the NAMR can be controlled by 
tuning the biasing fluxes &i k and <& rk . For realizing a 
two-qubit logic gate between qubits i and j, we couple 
the qubits i and j with the NAMR and decouple other 
qubits with the NAMR by controlling the biasing fluxes. 
Moreover, to obtain the required Hamiltonian given by 
Eq. © , we can control the biasing magnetic field thread- 
ing these loops to meet the condition sin(7r$fcfc/<I>o) = 1. 

In conclusion, we have proposed a scheme to imple- 
ment two-qubit logic gates in two CPBs by coupling 
them with an NAMR. Under different work conditions, 
we have shown that we can realize two-qubit logic gates 
in three cases. In the first case, we carefully tune the 
gate voltage and these biasing fluxes of the CPBs to 
obtain controlled displacement operations between the 
CPBs and the NAMR. And a certain sequence of con- 
trolled displacement operations can reduce to a type of 
Ox\<3xi interaction between the two CPBs. In the second 
case, we decouple the coupling between the CPBs and 
the NAMR and also obtain a type of a x \<J x2 interaction 
between the two CPBs at some selective time points. In 
the third method, we tune carefully the energy separa- 
tions of the CPBs such that the NAMR is large detuning 
from the two CPBs. Under the large detuning condition, 
we eliminate adiabatically the NAMR and obtain a type 
of (<7 + ic7_2 + C-10+2) interaction between the two CPBs. 

Finally, we give an estimation of the experimental fea- 
sibility for the present scheme. In our scheme, we should 
consider the following two time scales: the time required 
for implementing a two-qubit logic gate and the lifetime 
of the qubits. We set the following parameters [38|, 
B«0.1T,!« 30 [im, x « 5xl(T 13 m, E° 7 w 5 GHz. So 
we can obtain the maximum coupling constant g' max ~ 30 
MHz. We choose a type of NAMR, to w 2tt x 100 MHz, 
and quality factor Q m 10 5 . For simplicity, we assume 
that the two qubits have the same parameters. In the first 
case, for meeting the condition |cti | |ct2 1 sin(<^2 — fi) — 
7r/4, we need to control the time t k of interaction be- 
tween the qubit k and the NAMR to meet the equation 
ig' 1 g' 2 sm(ujt 1 /2)sm(u}t 2 /2)sm(uj(t 1 - t 2 )/2)/u 2 = tt/4. 
Using the above parameters, this equation reduces to 
sin(wti/2)sin(wt 2 /2)sin(u;(ti - t 2 )/2) = 0.69, so the 
fastest gate implementation needs t to t ~ 10~ 7 s. In 
the second case, 9 — Anirg'^/aj 2 ~ tt/4 corresponds to 
t ~ 10~ 7 s. Corresponding to the third case, we set the 
detuning A w 5g, then the time required for implement- 
ing a \/«SWAP gate t = A7r/(4gt 2 ) «lx 10~ 7 s. Moreover, 
for a type of CPB, the dissipation time Ti ss 1 ~ 10 fis 
and the dephasing time T 2 ss 0.1 ~ 1 [is Q. Therefore, 
in our present scheme the time required for implementing 
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two-qubit logic gates is shorter than the lifetime of the 
qubit. 
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